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Neutron Stars: T ~0 | Binary Mergers: T < 50 MeV J

-— ions, electrons

~—— electrons, neutrons, nuclei

neutron-proton Fermi liquid
few % electron Fermi gas

quark gluon plasma?

www2.astro.puc.cl

Rosswog: P|'||| Trans. R. Soc. A 371 (2013)

@ astrophysical constraints on the EoS from (e.g.,) neutron-star masses and
radii, moments of intertia,

o task of nuclear theory: computation of the EoS from microphysics
— EoS numerical input for simulations of supernovae and neutron-star mergers

Novel developments in theoretical nuclear physics: chiral EFT, renormalization group

— low-momentum interactions (no “hard core”)

— enables the use of Many-Body Perturbation Theory to compute the EoS




Modern Theory of Nuclear Interactions

@ chiral EFT: general low-energy effective field theory consistent with symmetries
of QCD, degrees of freedom: nucleons & pions

@ systematic hierarchy of nuclear interactions controlled by expansion parameter
Q/A, = soft scale/hard scale, where A, ~ 1 GeV
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@ restrict resolution via UV cutoff A < A, in momentum space
@ LECs ¢;(A) fixed by high-precision fits to few-nucleon observables

— NN and 3N nuclear potentials for many-body calculations
Nuclear potentials are not unique! — uncertainty estimations (but: artifacts possible)

Low-momentum potentials A < 450 MeV: MBPT becomes valid approach!



Many-Body Perturbation Theory (MBPT)

@ linked-cluster expansion (“Goldstone expansion”) for ground state energy (T = 0)

@ textbook approach at finite T: expansion of grand-canonical potential
(T, pn) = 20(T,p) + 21(T, p) + 22(T, 1) + Kanom (T, 1) + ...
But: not consistent with Goldstone expansion, cannot describe spinodal instability

Proper finite-temperature MBPT: canonical ensemble, expansion for free energy

@ “naive” approach: linked-cluster expansion of free energy; does not work because
canonical-ensemble averages are constrained (fixed N)

@ instead: evaluate ensemble averages via Legendre transform of cumulants; gives
F(T,fi) = Fo(T, i) + As(T, i) + Aao(T, i) + Kanom (T, /1) + Keore (T, i) + . . .
o jifixed by p(T, fi) = OFg/dji — consistent with Goldstone expansion!
o additional contributions from unlinked diagrams Ko, renormalize i

@ canonical series can be also derived via reorganization of grand-canonical series
(Kohn-Luttinger method), but equivalence is only formal (asymptotic series!)

free — HF ----
Mean-field benchmark 5 HF (G.C) =~ HF+K
HF+K (G.C.) SCHF —

@ fully renormalized MBPT: SCHF ol
@ large Kanom (¢ renormalization), but :
Kanom + Keore (¢ and i w5
renormalization) is small )
o Ty o™ T=15 MeV

@ spinodal region only from canonical
and fully renormalized MBPT 0 005 01 015 02 025
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hiral Nuclear EoS: Order-By-Order Results NN+3N Potentials

ymmetric nuclear matter:
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@ n3lo414 & n3lo450: good perturbative behavior Fy > F2 > F3
(third order: Holt & Kaiser: 1612.04309 (2016))
@ n3l0500: less perturbative (Fy nn & F2 nn similar magnitude)
@ VLK21 & VLK23: NN perturbative, but large contributions from 3N potential




Chiral Nuclear EoS: Effective-Mass Improved Results

Isospin-symmetric nuclear matter: 6 := (pn — pp)/p =0, Y :=pp/p=1/2
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empirical saturation point: n3lo414, n3l0450, #31e500, VK2, VLK23

°
@ VLK21 & VLK23 ruled out by thermodynamics (pressure isotherm crossing)
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Good agreement with virial expansion and constraints on Fyym := F(6 = 1) — F(J = 0)




Need Chiral Nuclear EoS for Astrophysics Applications

Phase space covered in supernovae: Chiral vs. phenomenological EoS
T~0—50MeV, p~0—6pg, d ~0—1 J (T=006=1) J
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Direct computation expensive; ~~ explicit parametrizations of the nuclear EoS?

~ parabolic approximation of § dependence: F(8) ~ F(6 = 0) 4 Faym 6°

Question: is this really appropriate?




Isospin-Asymmetry Parametrizations beyond the Parabolic Approximation

M. /(14 M) -

g yea/(0.6 fm™)

R,./(12 km)

Steiner: PRC 74 (2006)

Sensitivity to d dependence of threshold

density for direct URCA process:

@ Quartic parametrization of EoS
F(8) = F(0) + A20°% + Ag*
o Change Az4 with Az + A4 fixed

(1= 1/2, A = —4/942)
(77 =1,A= 0)
(77 = 37A4 = 4A2)

Terms beyond the parabolic approximation can be important for astrophysics!

~~ investigate the expansion in §:

F( Ta p7 6) ~ Z:—,V:O A2"(T7 p) 52"5

with

A2"(T7P) = (@n)! 5o2n

@ convergence behavior of the expansion?

1 92"F(T.p,0)

6=0

@ accuracy of parabolic approximation: how large is Foym(T, p) — A2(T, p)?




Results for Expansion Coefficients

Az 46 (and for Foym —
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— Az from noninteracting term and 3N

@ Azn>4 become very large at low T ~~ divergent asymptotic expansion!
= higher-order parametrizations of § dependence inhibited at low T




Divergent Expansion at Low Temperature

Examine higher-order approximations, e.g., Fja := Ao + A26% + Aot J

convergent

F (MeV)
T (MeV)

divergent

0 005 01 015 02 025 03
p (fm)

What is the origin of the divergent behavior at low T7
— contributions beyond Hartree-Fock in MBPT, e.g., second-order term:

~n ~py _ 1 12,34 /34,12 nynpii3ia—figianzng
F2(Tnu' ) b ) - 8 21234 VZB V2B £3+eq—€1—€2

T = 0: integrand diverges at boundary of integral, leads to [Az,>4| 2% %




Logarithmic Terms in the Isospin-Asymmetry Dependence at

Exact results (at second order) with S-wave contact interaction

= =
F(T =0,p,8) = Ao(0, p) + A2(0,0) 6% + > Aznreg(p) 6"+ Asp 1og(p) 32" In |3
n=2 n=2

@ Logarithmic terms also from third-order terms Holt & Kaiser: 1612.04309 (2016)
o Logarithmic terms also when ladders are resummed (checked numerically)

30
Logarithmic terms also for chiral 04f
interactions? — yes! 2 3
= 02
- - (™
0 Asjog and A reg extracted P
numerica”y to gOOd 210 O o 0s >;>.75 1
accuracy w 8
@ Quartic terms lead to 0
considerably improved ® e,""
approximation! B ]
0.25 0.5 0.75 1

Influence of higher-order terms (beyond §2) on neutron-star properties?

o logarithmic ¢ terms: only small influence on proton fraction

o influence of using Y parametrizations? (work in progress)




Isospin-Asymmetry Dependence of Nuclear Liquid-Gas Phase Transition

T [MeV]

e O F(T papp) a
Stability criterion: Fjj = ~omon; has only positive eigenvalues

@ 0 = 0: reduces to pure-substance criterion 9P /0p > 0

@ isospin distillation in isospin-asymmetric nuclear matter (binary system!)

e endpoint of critical line T.(J) at proton fraction Y = (1 —4)/2 ~3-10~*

o fragmentation temperature Tgp(d) endpoint at Y ~ 0.17
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— at large 6: Tc(0) strongly influenced by entropy of mixing ~ T Y In(Y)

— at T =0: terms ~ Y®/3 (also from interaction contributions!)




Summary and Outlook
Thermodynamic Nuclear EoS from Chiral EFT Interactions

@ proper finite-temperature MBPT: canonical series, cumulants evaluated
via Legendre transformation to grand-canonical ensemble averages

@ accuracy of parabolic § approximation decreased for high densities and
high temperatures

@ ¢ dependence is nonanalytic at low T, logarithmic terms at T =0

e entropy of mixing ~ TY In(Y), terms Y*/3 at T =0

Outlook: Chiral EoS for Astrophysics Applications

o need to extrapolate EoS to higher densities and temperatures

@ one approach: construct explicit (p,T) parametrizations via fits
(— quantify uncertainties of extrapolation via fit ambiguities)

o p dependence straightforward, but T dependence problematic:

@ extrapolation not well-behaved for many parametrizations

(e.g.. "Sommerfeld"-polynomial 3=, «p T2")
@ SNM: puted data has d towards pressure isotherm crossing
@ PNM: approxi ly T-independ for T < 25 MeV and p < 2 psat




Thank you for your attention!






Appendix 1: Isospin-Asymmetry
Expansions



Al: Extraction of Maclaurin Coefficients with Finite Differences

General of 2N + 1 point central finite difference approximation for /Z\z,,(T, p)

N
- —N,AS Nk =
Aan(T, p) = Ay (T, p) = @m) (20yen D S wan (T, p, kAS).
’ k=0
Fornberg: Math.Comp 51 (1988)
In(as)
-4 3 -2 4

T T

:
T=4 MeV, p=0.30 fm

INN —e—q 69 3
13N —+— =)
1,0DN —e— !

2NN —a—7 68 %

2NN (iterat) —=—
2NN+DDNN —»—

67
4-05
113
S
1-15%
3 Z<m
T=4 MeV, p=0.30 fm 2
L L -2.5
E 2

In(A3)

@ stepsize (AJ) and grid length () variations as accuracy checks

@ systematically increase precision of numerical integration routine




A2: Extraction of Leading Logarithmic Term at Zero Temperature

@ finite differences of zero-temperature logarithmic series (~ 62"=%In |§]):

AP 20 =24 reg + Cr(N)Ag g + Ag log IN(A0) + C5 (N)Ag o A5 + O(AS*), (0.1)

AG 2 =Ag reg + Cp (N)Ag 1og A% + Ag og IN(AS) + C5 (N)Ag Jog + O(AG?). (0.2)

@ extract leading logarithmic term via:

A:I,_,AS _ Ai\lz,As
Ci(N1) — C3(N2)
Z\NI‘A5 _ 12\2'2‘A6

6
Cg(N1) — Cg(N2)

Za(Ny, Na) = ~ Ay log: (0.3)

Ze(Ny, Na) := AS? 2 A togs (0.4)

@ benchmark against analytical results for S-wave contact interaction

08[ 5 N=3 (I"P) ---- N=3 (n3lo414) —e— N=4 (I"™) ---- N=4 (n3l0414) —e—
o | N=4 () N=4 (n3l0414) —&— N=5 (") N=5 (n3lo414) —a—
02 - 8k
o4 np (regularized). np (regularized)
<06 BLTTTTTETT
s 01 015 02 025 .= 23
g 12 2 6
E) 2
= 4 =
. 4
-1.6
2
0.1 0.15 0.2 0.25 0.1 0.15 0.2 - 0.25



A3: BCS distribution functions

What about pairing? — perturbation series about BCS ground state (~ Bogoliubov)

BCS distribution functions:
1 _ 1 _
m2eS = [1+a(@d+e) 7, ABCS = ~[1 - &(a3 +¢3) /7]

— compare with finite-temperature Fermi-Dirac distributions

0.75

Nk
4
Il
W
=
@
<

0.5r

025

0 025 05 075
K (fm")

— expansion divergent also for BCS perturbation series, similar to low-T results

Overall:
o logarithmic terms for T —0 A {N,2} 200 A A —0

@ divergent asymptotic expansion in the region “close enough” to these limits




A4: Ladder resummation

Logarithmic terms also in self-consistent schemes, e.g., BHF, SCGF ?

— examine  dependence of EoS from all-order-sum of ladder diagrams with
S-wave contact interaction Veontact = TM ™" (as + 3a; + (ar — a5)51 - 52)
Kaiser: EPJA 48 (2014)

_ 24
Eorenum (7 KB) = = st (Tetam(@e) T (20) 1\l (32) 31 um(20))
F F
where
1 Vi1— s2 !
Fr';';ﬁfn" (as) /dss / dr ki ( "/")5 arctan e 1(5”{) "
4 3 (askg’ ")t + 7= 1R(s, k)
(kR+kBy/2
e ( ) i 4P P2 qmaxd t D(P, q, kg, k)
resum\9s/t) = / / qq arctan P
Y e (as/e)™ + (27)~ 1[’<"R(¢ é)Jrk,":R(@vé)}

The functions /(s, k), R(s, k) and $(P, q, kg, kE) are given by

1-—s%— k2

I(s,n):n@(l—S—K,)-Q—Qie(s—}—n—l),
s
1—(s—r)? 1 1-s2-k? 1 -
R(s, x) =2 + (s — k) oy Ltstr s —rt 1ts—nk
2s 1 —s5— kK| 2s 1—-s+k

q for P+q<ki

n P (l‘;’:)z—(P—Q)z P n P
®(P,q, kg, ki) = —Ep—— for kf <P+qg< kg N|P—gq| <k}
(KR)2+(kR)2—2(P2—q?)

aP

KI)Z 4 (KR )2
for k,'l—<P+q/\P2+q2<¢



A4: Ladder resummation
Ladder resummation: isospin-asymmetry dependence

1
o[ T al N
S 50
° §
= 4 =
Ealf '
3 b el ; g
= El &
= o = .
2 0 01 02
8
S <10 J
"]
exact
parabolic ——-
-15 quadratic -----
. . quaniq+log —e=e
0.05 0.1 0.15 0.2 0.25 0.25 0.5 0.75 1
AS )

Finite-difference results:
@ quadratic coefficient A, regular
@ quartic coefficient A4: logarithmic for np-channel, but regular in nn4pp
Interaction contribution to ground-state energy per particle (np-channel):
@ breakdown of “parabolic law”, I:'sym — Ar~15.6 — 8.3 large

@ quartic+log approximation very accurate for 6 < 0.5, but large deviation in very
neutron-rich region

@ exact results: maximum at § > 0.99 (vanishes for larger a), and even a kink?

— nonanalytic terms should arise also in self-consistent schemes, e.g., BHF, SCGF )



Appendix 2: MBPT



Standard Finite-Temperature Perturbation Theory

Hamiltonian H = T + V, with H |¥,) = Ep |¢p> and T |Pp) = &p |<15p> where
T =225 (il T|)) alaj =Y ¢c;ala = 31 2t (] Van |KT) a a EIED

@ grand-canonical partition function:
Y =3, (8| HH) [ 8) = 3, (8 | AT 2/ (5) | 95)

@ Dyson operator:

w(B) = e—BT oBH — %, (=0

~+dB1 PV(Bn) -+ - Vi(B1)]
@ change basis (¥p — ®p), then AA = A — A given by:
- dB1 (PVi(Bn) - Vi(B1)])

AA——7In|:

@ contraction rules (where £~ =1/[1+exp (B(si — p))], T =1—£")
ala, = 6y f;~ (hole) agal =8 f."  (particle)
L=

@ linked-cluster theorem:

AA= 350 (-1)" J dBn---dBo (V(Bn) - Vi(B0))iinked

B>Bn>...>Bo>0

Note: all this works also for canonical ensemble, but the constraint (@,|N|®p) = N
implies that single-particle states cannot be summed over independently = useless!



Third-Order Non-Skeletons

e R

(a) self-energy (b) one-loop (c) one-loop
(d) self-energy (e) one-loop (f) one-loop
57' 7§ ;—I—E/
(a) two-loop (b) two-loop (¢) two-loop
9 0
(d) three-loop (e) three-loop

@ non-skeletons are insertions: cut articulation lines ~ collection of unlinked
clusters

@ “self-energy” and anomalous one-loop diagrams related by cyclic vertex
permutations ~ spurious terms in perturbation series




Cumulant Formalism

° g’.’:{:;.”:m = (a'.T1 aiy ~~a}; aj, Ak, a,tl Y- a}:m) has generating function ) :
kikm _ 1 0 o) _ ) (19
G =% (—Peyy)  B(—Peiy) (1 9(755,‘1)) <1 6(7{35‘(’")) R

_ " InYy .
= B(—Beq)0(—Beiy)

giakm= N (PG, i ep ks Gaim= 2. IR

PC{1,...,m} P partitions /€eP
of {1,...,n}

@ evaluate in terms of cumulants C;, ;.

@ skeletons unchanged: K, ..., = Giy...i, for ih #ia # ... #in
o self-energy diagrams:

ky - km I = o=
Gl e~ KaKa + Kaa = £ 7 + 77 =1
gl km o KaKaKa +3KaaKa + Kaaa = fo fo fo +36, 1+ (G —£7) =1

iy -inaaa

@ no contributions from anomalous diagrams:

g?l.-.-'-ai"a---a _ Z (—1)“,‘Qi1.~-i,,a~-~al'[,,6pau = Z (—1)\P\g,—1_,.,—"a =0



Anomalous Contributions via Simply-Connected Diagrams

@ expansion of logarithm yields

-3y ¥

b b
gbl+A.A+br1(’=1 b bk><Aa1> 1. (Aq )k
n=0 k {a;},{b;}

by + ...+ by ayby+...+apby=n

@ each term A,; has linked and unlinked contributions

An.unlinked = |:[3 Oqli(]—‘nl) Leee (]"n,/)ﬂv:|

ay

1+t

=n

@ by factorization theorem the only terms that survive are simply-connected in
terms of higher cumulants, e.g.,
2 K = = =
(12,norma|),'_,' (ll)ab : {gu ab} e =22 x SialCi ICG; Kp I ICy — 22 % S ra Cpi i IC; I, Ky

ST > o
(a) (FQ 1|ur\r\\]Fl>[gz; ab] 3 (b) (FZ norm‘xll—‘l)[gz] ab] . (C) (F‘Z.norrualrl)[gfjl:ub]s.—c.

resummation of insertions ~» renormalization of distribution functions

+ _ oo 1 m9m 1
18] = Xm0 mi (S(2) oey fa Ltexp (£8 (cat+S(a)—p))




Canonical-Ensemble Perturbation Theory

Correlation-Bond Formalism

@ start with standard perturbation series for AF = F — F:

b b
) by + ...+ by (Fag)?L - - (Fa )k
AE = Z Z Z ﬁ"l*--*"k*i( 1+ + k) ay ay

n=0K (a;},(b;} baio by

by +...+by ayby+...+apby=n

9"In 2 .
O[—Bejy]---0[—Bei, 1’

In Z(T, /i, Q) = n (T, i, Q) — 2 X720

@ the cumulants are now given by IC;, ;= evaluate using

where fi is given by N(T, i, Q) =3>"; £ since N is regarded fixed, i is a

. . 1 . ) .
functional of the spectrum {e.}, i.e., as implicit equation:

T(fi{ea}) =X fa —N=0
R. Brout & F. Englert, PR 120 (1960)

This method effectively “shifts” the constraint ($p | N'|$p) = N to the level of
diagrams, resulting in new simply-connected contributions (“correlation bonds"), e.g.,
Kia ~ Kia + 6iKji, with

oo okw \ ok (osa \ _ _fifih
" \olBenl ), OBAINOI-Benl ), S Ea

Resummation of correlation bonds renormalizes auxiliary chemical potential i




